In previous work [1] we proposed an improvement of the WKB-based semianalytic technique of Iyer and Will for calculation of the quasiormal modes of black holes by constructing the Padé approximants of the formal series for ω 2 . It has been demonstrated that (within the domain of applicability) the diagonal Padé transforms P 6 6 and P 6 7 are always in a very good agreement with the numerical results. In this paper we present a further extension of the method. We show that it is possible to reproduce many known numerical results with a great accuracy (or even exactly) if the Padé transforms are constructed from the perturbative series of a really high order. In our calculations the order depends on the problem but it never exceeds 700. For example, the frequencies of the gravitational mode l = 2, n = 0 calculated with the aid of the Padé approximants and within the framework of the continued fractions method agree to 24 decimal places. The use of such a large number of terms is necessary as the stabilization of the quasinormal frequencies can be slow. Our results reveal some unexpected features of the WKB-based approximations and may shed some fresh light on the problem of overtones.
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I. INTRODUCTION
The quasinormal modes of black holes [2] have been the subject of intense studies over the last 40 years and the reason for this continuous interest stems from the fact that they were expected to be detectable. Indeed, a perturbed black hole undergoes the ringdown phase in which the oscillations are characterized by a set of complex frequencies, ω. The real part of each ω gives the oscillation frequency whereas the imaginary part determines the characteristic damping rate and consequently the quasinormal modes are crucial in detecting and subsequently studying the prop-erties of the gravitational waves generated in the violent collisions of black holes or gravitational collapse. Because of the constant and still growing interest in the quasinormal modes many numerical and analytical approaches have been proposed for their calculation. The most popular are the highly accurate numerical methods, such as the method of continued fractions [3] [4] [5] constructed by applying the Frobenius series solution, asymptotic iteration [6] , the method of the Hill determinant [7] , the method of Nollert and Schmidt [8] and the pseudospectral method [9] . Recently, in a very interesting development [10, 11] , the quasinormal modes of the parametrized black holes have been studied. On the opposite side we have a bunch of the approximate analytic and semianalytic methods mainly based on the WKB expansion and its variants [12] [13] [14] [15] [16] [17] [18] , the perturbative approach of Ref. [19] and the approach advocated by Gal'tsov and Matiukhin [20] . Especially interesting is the method developed by Zaslavskii [19] , who following ideas of Refs. [21] [22] [23] reduced the problem to the quantum anharmonic oscillator and used powerful Rayleigh-Schrödinger perturbation theory.
We assume that the second order differential equation describing perturbations (with a time dependence of the form e −ωt ) can be reduced to the Schrödinger-type equation
where Q(x) = ω 2 − V (x), V (x) is a potential and x is the tortoise coordinate. The potential is constant as |x| → ∞ (V (−∞) and V (∞) may be different) and has maximum at x 0 . The radial part of the free oscillations are described by the functions ψ(x) which are purely "outgoing" as |x| → ∞, i.e., the functions that are moving away from the potential barrier in both directions.
For a perturbation of a given spin weight, s, the quasinormal modes are labeled by the multipole number, l, and the overtone number n.
Typically, the form of the potential function practically excludes the possibility of finding an exact solution of Eq.(1) and consequently one is forced to adopt the numerical or approximate methods. One of the most popular approximate (semianalytic) methods is the Iyer-Schutz-Will approach [12, 13] and its generalization to the sixth-order WKB [24] . The Iyer-Schutz-Will modification of the WKB method in its original form allows for potentials with closely lying classical turning points. It can be achieved by constructing the approximate solution in the region between the turning points, which is expressible in terms of the parabolic cylinder function, and matching them with the approximate WKB solutions in the exterior regions. For example, in Ref. [13] the third order WKB solutions are asymptotically matched with the solutions constructed for the 6th-order Taylor approximation of the potential. It is interesting that the results presented in [13] have been reconstructed by Zaslavskii, who used textbook formulas describing the energy levels of the anharmonic oscillator and by Galt'sov and Matukhin. The Iyer-Schutz-Will method has been subsequently extended to higher order in Ref. [24] .
A natural question that arises in this context is whether one could construct a better approximation yielding more accurate results. In Ref. [1] (henceforth Paper I) it was shown that the answer to this question is affirmative. The strategy adopted in that paper is to extend the order of the WKB terms (and consequently the order of the Taylor series approximation of the potential) and construct the diagonal Padé approximants of the formal series for ω 2 . It has been shown that within the domain of validity of the method, the diagonal Padé transforms P 6 6 and P 6 7 are always in excellent agreement with the numerical (exact) results constructed for the perturbed Schwarzschild and Reissner-Nordström black holes. Moreover, it has been shown that the method works well even for the fundamental low-lying modes of the perturbed Tangherlini black hole. Unfortunately the analytic calculations of the higher order terms of the WKB approximation are very complicated and each next order requires more and more time. Recently, in a calculation lasting tens of hours, we have calculated all the terms up to 16th order, which allow to extend our method to P 8 8 transforms. However, it would be interesting to extend and verify our method in the regime of higher order WKB. There is little hope that this can be done analytically for a general potential as the number of terms as well as their complexity grows fast with the order. On the other hand, however, one expects that there should be massive simplifications when the calculations are performed for a given potential with prescribed multipole and overtone numbers. Another way out of the impasse would be the extension of Zaslavskii's approach to really high orders. Recently, in the interesting and important paper devoted to Borel summation of the analytically continued Padé transforms, Hatsuda [25] propounded to make use of the efficient Mathematica package written by Sulejmanpasic andÜnsal [26] (see also Ref. [27] and the references therein). This package allows calculation of the energy corrections of the one-dimensional system with an arbitrary locally-harmonic potential.
This, in turn, leads us to the method advocated by Zaslavskii.
In this paper we report on a further extension of our method by using a combination of different procedures, which will reveal some unexpected features of the WKB approximation and will shed fresh light on the problem of overtones. The main emphasis is put on accuracy that can be achieved using relatively simple techniques and, as in Paper I, we are looking for a simple, WKB-based approximation that can be used, practically without any changes, for a wide class of metrics. This black-box nature of the method, with the effective potential taken as the input and the accurate frequencies of the the quasinormal modes obtained as the output, should be considered as its great advantage. The results presented in this paper raise the question of the limitations of the method.
The usual interpretation is that the method works well for low overtones and the approximation gets progressively better with increasing l. However, the results presented in this paper show that one can achieve great accuracy even for higher overtones at the expense of increasing of the order of the perturbation series.
II. THE METHOD
Although the derivation of the equations of the standard Iyer-Schutz-Will method is rather complicated it leads, surprisingly, to quite simple final result. Since the method and its generalizations have been presented in details in Refs. [1, 12, 13] we shall omit most of its technical aspects here.
The formula relating the complex frequencies of the quasinormal modes and the derivatives of Q(x) at x = x 0 can be written in a compact form (n = 0, 1, 2, ...)
where x 0 is a point at which the potential has its maximum, each Λ k is combination of the derivatives of Q(x) calculated at x 0 and ε is the expansion parameter that helps to keep track of the order of terms. The complexity of Λ k terms increases with k and the number of the constituents for k ≤ 16 is given in Table I . Now, let us assume that the potential does not depend on ω. In a standard approach one puts ε = 1 and for a given potential solves Eq. 2 with respect to ω. That means that the Λ k terms are summed. On the other hand, however, we do not know in advance if taking into account additional Λ terms will improve the quality of the results. Moreover, one cannot exclude the possibility that the improvement is just accidental. To remedy this problem it has been proposed to treat the expression for the quasinormal frequencies as the formal perturbation expansion
and instead of summing the terms in the right hand side of (3) (which is a bad strategy) to construct the Padé approximants [1] . As is well known the Padé approximants associated with a formal power series a k x k are defined as the unique rational functions P M N (x) of degree N in the denominator and M in the numerator satisfying
In our previous paper we have extended the WKB-based calculations to the 13th-order, i.e.,
we have calculated all Λ k up to k = 13 and for any given multipole l and the overtone number n we used the Padé summation [28] . It has been demonstrated that for the so-far best documented quasinormal frequencies of the Schwarzschild and Reissner-Nordström black holes the diagonal Padé transforms P 6 6 and P 6 7 are always in very good agreement with the exact numerical results. Of course the approximation has its own limitations mainly related to the limitations of the WKB theory. On the other hand, the deviations of the complex frequencies obtained within the framework of the improved method from the numerical results are smaller than the analogous results obtained with the aid of competing (approximate) approaches. In this paper we extend the analyses of Ref. [1] in two ways: first we will construct the Λ k functions for k ≤ 16 and subsequently use the Wynn epsilon algorithm for convergence acceleration [29, 30] . Details of the algorithm are relegated to Appendix. Although the formulas describing Λ k are rather complicated the calculations can be substantially accelerated by the choice of the suitable strategy. As the construction of the functions Λ k has been described in detail in Refs. [1, 12, 13] we will not repeat it here. Unfortunately, if one is interested in really high orders of the WKB approximation the analytic approach briefly described above is hard, if not impossible, to use. Although its numerical variant would certainly simplify and speed up the calculations here we will follow a different path. We will make use of the Zaslavskii approach in which the resonant scattering problem is converted into the bound state problem of the anharmonic oscillator. The simplest method to do so is to exploit a formal equivalence between the master equation (1) with the function Q(x) expanded in a Taylor series about the point x 0 at which it has a maximum and the equation that describes quantum-mechanical anharmonic oscillator. Indeed, reducing the latter problem to the simple application of the standard perturbation theory, one has
where
and
is k-th derivative of Q(x) at x 0 . Now, calculating the perturbative corrections to the energy levels, multiplying the thus obtained results by the factor 2/Q
0 and finally making the substitution ε → iε one obtains precisely the Λ j functions of Eq. (3).
As have been observed by Zaslavskii, the first two nontrivial correction terms, i.e. the Iyer-Will result, can easily be calculated using almost entirely textbook results [31] . Unfortunately, the textbook-based method is rather inefficient in the higher-order calculations. Recently, in a very interesting paper Sulejmanpasic and andÜnsal [26] extended the method developed by Bender and Wu [27] (and originally applied to the simple anharmonic oscillator) to the arbitrary locally harmonic potential. The paper is accompanied with the very efficient computer algebra package, allowing construction of the really high orders of the perturbation expansion. Although the practical applicability of the package for the analytic calculations of the general functions Λ k is limited to first few orders its real power lies in the numerics 1 Our strategy is as follows: First we calculate the complex frequencies of the black hole normal modes using the general Λ k (k ≤ 16) constructed within the framework of the Iyer-Will approach and subsequently, for a given harmonic and overtone numbers, we calculate numerically the high orders of parameters Λ k . (Note the slightly abused notation). The choice of the maximal k used in this paper depends on the type of the modes, but it never exceeds k = 700. Having computed all the necessary Λ k we construct the Padé approximants of Eq. (3) treated as a formal polynomial of ε. We show that one can obtain amazingly accurate results even in the situations typically considered as too hard for the WKB-based methods.
We conclude this section with a few observations on the approach proposed in Ref. [25] . First it should be observed that although the Padé transforms,P N N of the series k a k x k /k! can easily be constructed, the calculation of the integral transform ofP N N , denoted here by
could be time consuming, especially for k > 100. Moreover, the calculations of B N N for k > 100 suffer (at least in our implementation of the algorithm) from numerical instabilities, and, consequently, one has to be very careful in choosing the calculational strategy and in interpreting the thus obtained results. 1 We have checked that for k ≤ 5 the Λ k calculated with the aid of the BenderWu package are precisely the same as the functions Λ k constructed within the framework of the Iyer-Will approach. The equality of the results for 6 ≤ k ≤ 16 has been verified numerically.
III. QUASINORMAL MODES A. The Schwarzschild black hole
In this section we shall construct the quasinormal modes of the perturbed Schwarzschild black hole. Although the Padé summation is our method of choice, whenever in doubt, we will also use the Borel-Padé summation [25] . Moreover, all the cases presented in this section have been calculated using the continued fraction method. It should be stressed that the Padé transforms work extremely well and our results are in perfect agreement with the continued fraction method.
We have also corrected a few erroneous results, which have appeared in the literature.
First let us consider the odd-parity (Regge-Wheeler) potential
where L = l(l + 1) and s = 0, 1 or 2 for the scalar, vector and gravitational perturbations, respectively. The problem of construction of the complex frequencies of the quasinormal modes reduces to a simple application of the formula (3). The results of our calculations are tabulated in Tables II-XIII and the accurate numerical results presented at the top of each column are taken from Ref. [32] . Generally speaking all the results follow the same pattern which is clearly visible in Figs. 1 and 2. Each point represent the real (Fig.1) or imaginary ( Fig.2 ) part of the complex frequency ω constructed for a given P k k for a s = 2, l = 2 and n = 7. Inspection of the Figures shows that even for k = 100 the spread of ω is quite big, and that the result seems to stabilize starting with k = 150. The horizontal line represents the exact numerical result. The analogous behavior of lower overtones is similar to that discussed above with the one reservation: the spread of ω is smaller and stabilization starts for smaller values of k. The lesson that follows from this test case is that one should be cautious with accepting the results based on only a few first Λ terms. Similarly, the equality of a few consecutive results does not necessarily mean that the final stable result is approached. The above discussion raises two questions: Does this pattern hold for higher overtones, and is it possible to reconstruct the algebraically special modes this way.
Although a complete answer to this questions is beyond our understanding, we can, nevertheless, make some observations. First, it seems impossible to construct the algebraically special modes, say the gravitational mode (2, 8) , by any of the WKB-based methods. For an interesting discussion see Andersson's paper [32] . The rest of this section is devoted to the first question.
The common wisdom regarding the applicability of the WKB method to the quasinormal mode problem is that it gives, at best, only approximate results, satisfactorily reproduces only the fun-damental modes and works really great for l 1. Moreover, the frequencies of the overtones can be calculated with some confidence only for n l and rapidly deteriorates with the index number.
And finally, summing the first few terms of the perturbative series for ω 2 can give more accurate results. Below we shall show that some of the above limitations may be weakened or even overcome except the last point which is generally untrue.
To analyze the quality of the approximation in more details it is convenient to define deviation of the real part of the frequency
and the deviation of its imaginary part
where ω k is the approximate complex frequency of the quasinormal mode and ω num is its accurate numerical value. Now, consider for example the scalar (odd) (0,10) mode. Our calculations show that the deviations of ω constructed from P 350 350 are ∆ (r) (ω) = 6.37 × 10 −2 % and ∆ (i) (ω) = 6.14 × 10 −4 %, respectively. Although the accuracy of this result is quite good, and we expect that for the higher-order transforms it would be even better, the calculation becomes progressively more difficult, and, consequently, there is a natural limit of applicability of the method 2 . On the other hand, for a given order of the Padé sum the accuracy of the approximation increases with the harmonic index l and deteriorates with n.
To simplify our discussion we shall denote l, n mode by (l, n) and the Borel-Padé sum con- 250 the results obtained are in concord with the Padé transforms rather than the result presented in Ref. [32] . Indeed, the results obtained within the framework of the both methods agree to 12 decimal places. It is possible that the WKB-based methods give the convergent result that differs form the exact numerical one. On the other hand however, it can be seen from Tab. III that for the mode (0, 1) one has ∆ (r) = ∆ (i) = 0 and the complex frequencies of the higher overtones are amazingly accurate (Tabs. IV-VII). To solve this problem we have calculated ω using the method of continued fraction with the Wynn algorithm to accelerate convergence of the approximants. Our code (a very unsophisticated one) gives for the fundamental frequency precisely the same result as the Padé summation to the accuracy quoted, i.e., the results are identical to 16 decimal places. This equality, although expected, is really impressive, especially taking into account the deep differences in the computational strategies. For a better confidence we have computed the frequency of this mode without the series acceleration in the continued fraction method and obtained precisely the same result. There is also a small discrepancy in the real part of the scalar mode (1,0). Inspection of Tab. II shows that we have precisely the same situation as the one discussed above. We believe that our results are correct. Ref. [32] differs from our calculations and to establish which result is the correct one we have compared the frequency with the result obtained using the continued fraction method. Inspection of the table shows that the Padé transforms and the continued fraction method give precisely the same ω, and, consequently, we believe that our result is correct.
Finally, for the gravitational modes listed in the right columns of Tabs. VIII-XIII, one finds |∆ (r) | ∝ 10 −7 % and |∆ (r) | ∝ 10 −6 % for n = 4 and n = 5, respectively. Similarly, for the deviations of the imaginary parts one has |∆ (i) | =∝ 10 −6 % for n = 4 and n = 5. The remaining results exactly reproduce the numerically calculated frequencies. We have focused on the Regge-Wheeler potential. One expects that the quality of the approximation grows with l. Similar calculations have been carried out for the Zerilli potential, and, as expected, the obtained results are even better. Unfortunately, the calculations for the even parity modes, because of the form of the Zerilli potential, are more complicated. As they add little to the discussion they will not be presented here. We conclude this section with a brief discussion of the perturbations of the Reissner-Nordström black hole. The normal modes satisfy the differential equation (1) with the potential of the form
where the parameters q ± are defined as We conclude this subsection with a comment that also relates to our previous discussion. Although the general form of the functions Λ k are known only for k ≤ 16, the higher-order Λ k parameters (for a given harmonic and overtone number) can easily be calculated numerically. Once the Λ k are known, the complex quasinormal frequency can be obtained from the Padé transform of the perturbation series. Our method has been successfully used to calculate the quasinormal modes of the Schwarzschild and Reissner-Nordström black holes. Indeed, we have demonstrated that the results are amazingly accurate, even for the overtones. For example, the fundamental gravitational l = 2 mode calculated using the continued fractions method agrees with the result of our approach to 24 decimal places, which is really impressive. We are unable to answer the question if the present technique works well for the highly-damped modes. The answer would require calculations of the Padé transforms far beyond the limit assumed in this paper. However, all the cases that have been considered here seem to obey a simple rule: the more terms of the perturbation series are retained and transformed the better the final result is obtained, although the improvement may be slow 3 .
We have demonstrated that our method is accurate and useful and we believe that it is also the simplest one. It can be applied to a wide class of problems practically without any change.
Indeed, its simple black-box structure, with the (expanded) effective potential as the input and the accurate quasinormal frequencies as the output is certainly its attractive feature. Moreover, it is relatively fast and all the steps are numerically stable. We believe that it also would be the first method of choice in many applications and experimentation, as summing up the terms of the perturbation series is generally a bad strategy. The Mathematica notebooks with examples and explanations can be obtained from the first author upon request.
Appendix
In this Appendix, we describe briefly the Wynn epsilon algorithm heavily used in this paper.
First, let us introduce our notation. Let S = (s 0 , s 1 , ..., s i ∈ C) be a sequence of the partial sums (in our case it is the sequence of the WKB approximants). The Wynn algorithm consists of the initialization phase in which we put In the Wynn algorithm we are interested in terms with even k. Typically, the terms with odd k grow and the approximants are labeled by even k. A few last columns of S j,k , where S j,0 (j = 0, 1, ..., n max ) are the partial sums of the terms in (3) are schematically shown in Fig. 3 . There is a deep connection between the S j,k terms and the Padé approximants. Indeed, the entries S j,2k in the columns labeled by the even index are equal to the Padé approximants
provided the usual assumptions of the existence of the approximants P and nonexistence of the zero divisors in the construction of the S transforms are satisfied. It should be noted that the remaining approximants of the Padé table should be constructed independently. Specifically, of the diagonal approximants P k k and P k k+1 only the former can be calculated this way. 
FIG. 3:
The few last columns of the transforms of the 16th order problem. It should be noted that although only the last entry inherits all previous S-terms, each S j,k does inherit allΛ i up to j + k.
The Wynn algorithm is simple and very efficient, however, since the elements of the odd columns grow there is a real danger of numerical instabilities. This can be cured by retaining the sufficient number of digits in the calculations. The diamond-like structure of the Wynn algorithm makes it very easy to use.
